Optimization-based Synchronized Flux-Corrected Con-
servative Interpolation (Remapping) of Mass and Mo-
mentum for Arbitrary Lagrangian-Eulerian Methods

Richard Liska!, Mikhail Shashkov?*, Pavel Vachal!, and Burton
Wendroff?

1 Faculty of Nuclear Sciences and Physical Engineering, Czech Technical University
in Prague, Biehovd 7, Praha 1, 115 19, Czech Republic.

2 MS B284, Theoretical Division, Los Alamos National Laboratory, Los Alamos, NM,
87545, USA

Abstract. A new optimization-based synchronized flux-corrected conservative inter-
polation (remapping) of mass and momentum for arbitrary Lagrangian-Eulerian hy-
dro methods is described. Fluxes of conserved variables - mass and momentum - are
limited in a synchronous way to preserve local bounds of primitive variables - density
and velocity.

AMS subject classifications: 65M06, 65205
Key words: FCT, Flux-Corrected Remapping, ALE

1 Introduction and Background

In numerical simulations of fluid flow, the choice of the computational grid is crucial.
Traditionally, there have been two viewpoints, utilizing the Lagrangian or the Eulerian
framework, each with its own advantages and disadvantages. In a pioneering paper [8],
Hirt et al. developed the formalism for a grid whose motion could be determined as
an independent degree of freedom, and showed that this general framework could be
used to combine the best properties of Lagrangian and Eulerian methods. This class of
methods has been termed Arbitrary Lagrangian-Eulerian or ALE. Many authors have
described ALE strategies to optimize accuracy, robustness, or computational efficiency,
see for example [2,3,10,11,17,21,24].

In this paper we consider only “standard” ALE methods when connectivity of the
mesh does not change during the calculation.

*Corresponding author. Email addresses: liska@siduri.fjfi.cvut.cz (R. Liska), shashkov@lanl.gov
(M. Shashkov), vachal@galileo.fjfi.cvut.cz (P. VAchal), bbw@lanl.gov (B. Wendroff)

http:/ /www.global-sci.com/ Global Science Preprint



The ALE scheme can be formulated as a single algorithm [7] based on solving the
equations in a moving coordinate frame. However it is more usual to split it into three
separate phases. These are: 1) a Lagrangian phase in which the solution and grid are
updated; 2) a rezoning phase in which the nodes of the computational grid are moved to
a more optimal position; and 3) a remapping phase in which the Lagrangian solution is
conservatively interpolated onto the rezoned grid.

It is possible to use the ALE formalism to run in a mainly Lagrangian mode, with
an occasional rezone/remap whenever the grid becomes too distorted. However, it is
generally more effective to rezone and remap on each cycle, a strategy termed continuous
rezoning. One advantage of continuous rezone is that the individual grid movements can
be constrained to be small, allowing the use of a local remapper where mass, momentum
and total energy (conserved quantities) are only exchanged between neighboring cells.

In this paper we will consider a situation when all conserved quantities in the remap-
ping phase are defined at cell centers (which is the case for cell centered methods such
as Godunov [18-20], or staggered methods where subcells formalism is used as a tool for
remap [16]).

We will consider remap of mass (density) and momentum (velocity). Mass and mo-
mentum are conservative variables, density and velocity are primitive variables. The
density in a rezoned cell is defined as the ratio of remapped mass and volume of the
rezoned cell; and velocity in the rezoned cell is defined as the ratio of remapped momen-
tum and remapped mass.

Three main properties of remapping are: conservation (in our case conservation of to-
tal mass and total momentum), accuracy and bounds preservation of primitive variables
density and velocity.

For the case of cell-centered conserved quantities and continuous rezone strategy, the
exchange of conserved quantities between neighboring cells can be formulated in flux
form (see, for example, [23]). The flux form of remapping guarantees both local and
global conservation.

Because we use a continuous rezone strategy it implies that a rezoned cell is contained
in the union of its Lagrangian prototype and its neighbors. Therefore it is natural to
require that the value of remapped quantity in a rezoned cell is bounded by the maximum
and minimum values on corresponding Lagrangian cells.

Physically motivated bounds are imposed on primitive variables density and velocity,
rather then on conserved quantities. Because remapped velocity is defined as the ratio of
remapped momentum and remapped mass, accuracy and bound preservation property
of the velocity depends on both remapped quantities. In other words remapping of mass
and momentum has to be considered as coupled process, and therefore remapping of
mass and momentum has to be synchronized (see, [25] - a paper which in some sense
inspired our work). Using terminology introduced in [25] we will call fluxes of mass and
momentum compatible if they guarantee bounds preservation for primitive variables.

The task of finding compatible fluxes can be considered as a constrained global opti-
mization problem: an objective function related to some notion of accuracy and bounds



preservation defines constraints.

Clearly the solution of a global optimization problem is not practical. The main goal of
this paper is to show how using ideas inspired by Flux-Corrected Transport (FCT) method
[4], [30], [14], [25] we can replace the global optimization problem by a series of local
problems.

FCT type methods are usually considered in the framework of solution of advection
or system of hyperbolic partial differential equations, [14], [15], [1]. To the best of our
knowledge the only attempt to directly use FCT ideas in remapping context is done in
[28]. For this reason we will give a brief overview of relevant FCT ideas and references
and then describe specific remapping related issues.

According to the Preface of the book [14] (which can be considered as the most com-
prehensive description of current state of flux-corrected methods) the FCT idea ”...was
to locally replace formal truncation error considerations with conservative monotonicity
enforcement in those places in the flow where formal truncation error had lost its mean-
ing, i.e., where the solution was not smooth and where formally high-order methods
would violate physically-motivated upper and lower bounds on the solution.” Techni-
cally monotonicity enforcement is achieved by combining low-order fluxes (which guar-
antee bound preservation) with high-order fluxes in such a way that resulting fluxes
guarantee preservation of bounds and at the same time are as close as possible to high-
order fluxes (low-order and high-order refers here to formal order of accuracy on smooth
solutions). This logic usually applies to solution of one partial differential equation
(PDE), e.g. the scalar advection equation. However, even for one equation it is not clear
a priori why closeness of the fluxes to formally high-order fluxes gives better accuracy,
because accuracy depends not only on how close fluxes are to formally high-order fluxes
but also how consistent are fluxes contributing to change of particular quantity in the
cell. Inconsistency in the fluxes can manifest itself in artificial steepening of the solution
([14] p. 149), or other anomalies.

A more general approach will be again to consider a global constrained optimiza-
tion problem. Moreover, even for one equation one of the main problems is to define
"physically-motivated upper and lower bounds on the solution” because the solution is
unknown (see [14] for relevant discussion). Our opinion is that the FCT approach is a
process of replacing a global constrained optimization problem by series of local con-
strained optimization problems by considering the worst case scenario. By doing this one
does not perform global optimization, but still is able to find fluxes which give a more
accurate solution than the low-order fluxes, and which guarantee bounds preservation.
Such solution of local problems is clearly a more practical approach, and also from the
physical point of view one can say that causality principle is not violated. For one PDE
the sufficient local condition which guarantees bound preservation is practically unique
and based on separation of positive (in) and negative (out) fluxes. Then for upper bound
the worst case scenario is if all negative limited andiffusive fluxes will be zeroed out by
the limiter, and for lower bound the worst case scenario is if all positive limited antid-
iffusive fluxes are zeroed out by the limiter. For systems of PDEs there are no unique



sufficient conditions and therefore one can construct several sets of compatible fluxes.
Therefore under the assumption that the notions of local accuracy and bounds are the
same, methods of construction compatible fluxes will differ only in what sufficient con-
ditions on flux limiting (correction) are used.

As it has been mentioned in [14], p.150 ”...in the attempt to extend the limiting pro-
cess to systems of PDEs no immediately obvious or natural limiting procedure becomes
apparent.” On p.218 of the same book the authors have mentioned that “Despite the
remarkable progress made in the development of high-resolution schemes for scalar con-
servation laws, their extension to hyperbolic systems remains a challenging open prob-
lem.” We want to add to this statement that the question how accuracy depends on fluxes
for system of PDEs is not obvious at all.

According to [14] there are several approaches to deal with systems of PDEs. Two
approaches most often used in practice are: independent treatment of each equation
as in operator-split FCT and use of the same limiter for all equations. Neither of these
approaches guarantees bound preservation for primitive variables. In book [14] some
abstract scheme for limiting any set of variables is presented (p.151 and p.223), how-
ever, as it has been mentioned on p.224 - At present, there is still a large degree of
empiricism in the construction of synchronized FCT limiters, and their performance is
strongly problem-dependent.” Therefore development of new FCT-based methods for
systems of PDEs or similar problems (in our case simultaneous flux-based remapping of
mass/density, momentum/velocity) is a very important area of the research.

Only a few papers have dealt with construction of compatible fluxes for systems of
equations. In [26] the author considers the advection of passive scalars as well as equa-
tion of fluid density (continuity equation). There is assumption that at the stage of con-
structing a limiter for passive scalar the mass flux is already given. In general, we will
call an approach sequential when mass flux is considered given when constructing fluxes
for other quantities. In the sequential approach bounds on passive scalar (or other quan-
tity) do not affect the limiting process for density. Let us also note that in [26] the author
also considers a special form of flux for a passive scalar which is taken in the form of
known mass flux multiplied by some value of the passive scalar. Such form of the flux
for a passive scalar allows the construction of a compatible flux. In paper [6] authors
consider an extension of ideas presented in [26] to the case of unstructured meshes. In
paper [25], authors consider simultaneous advection of density-like dependent variables
(for instance, densities of mass and momenta). In this paper, no assumption of a special
form of the flux for momenta is made, and the limiting of transportive fluxes on the pri-
mary variables is derived from analytic constraints implied by the Lagrangian form of
the governing continuity equations, which are imposed on the specific mixing ratios of
variables (e.g. velocity components). This makes the derivation in [25] almost directly
applicable to remapping. In the approach developed in [25], bounds on velocity compo-
nents affect the limiting process for density. Following [25], we will call such compatible
fluxes synchronized fluxes and the class of methods where bounds on one variable affect
the limiting process for another variable will be called synchronous. One may hope that



the synchronous approach can give overall less restrictive constraints on the fluxes than
the sequential approach.

Now let us return to the topic of our paper - construction of compatible fluxes for
remapping of mass/density and momentum/velocity, and draw some analogy with FCT
methods for PDEs. To distinguish from FCT we will call our method flux-corrected
remapping - FCR. First of all, as we have mentioned before, bounds for primitive vari-
ables(density and velocity) are well defined and are determined from corresponding val-
ues on Lagrangian mesh. Second, fluxes are usually computed from reconstruction of
the function on Lagrangian mesh, where the function is given by its mean values. Fluxes
are just approximation of some integrals of reconstructed functions over the pieces of
intersections of Lagrangian and rezoned mesh. Usually low-order fluxes correspond to
piece-wise constant reconstruction and high-order fluxes correspond to piece-wise linear
reconstruction. Finally, the accuracy of remapped quantities also can be estimated from
values on the Lagrangian mesh because the remapped discrete function is a representa-
tion of the same underlying unknown function on the new mesh.

We have introduced a new local measure of accuracy which is derived from the L;
norm of the error for density and velocity. For each edge (face) where the flux is de-
fined it reduces to linear function which coefficients depend on values of the density and
velocity on old mesh and on low- and high-order fluxes. We also developed new local
sufficient condition which guarantees bound preservation. Because we know only one
truly synchronous method for systems, that is the method suggested in [25], we use this
method as base line to compare with our new method. Let us consider the plane defined
by limiters (correction factors) for density and momentum flux. The feasible set (that is
part of the plane where any point corresponding to a pair of limiters guarantees bound
preservation) for method from [25] is a rectangle and for our new method the feasible
set is a convex polygon. In general feasible sets for the two methods do overlap at least
at one point (which corresponds to low-order fluxes) but do not contain each other. We
demonstrate superiority of our new method on a set of numerical examples.

Let us note that there are other approaches for computing compatible fluxes. For sys-
tem of two advection equations one such approach is described in [29], where the authors
use some special limiting procedure for gradient limiting in context of upstream-centered
methods. In our terminology, this is a sequential method, that is, limiting of density
gradient is not affected by bounds of other quantities. In the context of remapping, an
interesting approach is introduced in [27]. It is also based on gradient limiting, but it is
really a synchronous method. Unfortunately this method is very complicated and we
do not have enough information about its performance. We are not considering these
methods here because they are not FCT based.

The rest of this paper is organized as follows. The rationale for our work is given in
Section 2. In this section we describe a general problem of remapping. In Section 3, we
describe the method for remapping of density by correcting mass fluxes, which follows
the logic of the original FCT approach [4] as it was modified by Zalesak [30]. In Sec-
tion 4 we describe our new method - Synchronized Flux-Corrected Remapping (SFCR) of



constructing compatible fluxes for remapping of mass/density and momentum/velocity.
We also describe our modification of method [25] for remapping. In Section 5 we demon-
strate the performance of the SFCR method and compare it with method from [25] on
series of 1D examples. Numerical examples in 2D are presented in Section 6.

2 Rationale

2.1 Grids

We consider a computational domain (). Most of the figures will show a two-dimensional
mesh, however all the considerations and formulas can be used on one, two or three-
dimensional meshes, structured or unstructured. We assume that we are given a mesh
on () that consists of zones (cells) z;,i=1,...,imax that cover () without gaps or overlaps.

Each cell is defined by a set of vertices (which we will sometimes call points or nodes),
denoted by P(z;), and a set of sides (which are segments of straight lines), denoted by
S(z;). Each side sy is shared by only two cells, denoted by Z(si). Each vertex p,, may be
shared by an arbitrary number of cells. We denote the set of cells that have a common
vertex by Z(py,); similarly, we denote the set of all sides sharing a common vertex p,,
by S(pm). The cells that share a side (edge) or vertex with a particular cell are called
neighbors (in 3D it will be face, edge or vertex); the set of all the neighbors of a cell z;
is denoted Z(z;). The reciprocal relation of neighborhood defines the connectivity of the
grid. In the context of ALE methods, we consider two grids with the same connectivity
— i.e. the same number of cells and vertices, and the same neighbor relations. The grid
that contains the cells z; is called the Lagrangian or old grid. The second grid, containing
the cells Z;, is called the rezoned or new grid. In the ALE method, the rezoned grid re-
sults from an algorithm (i.e. a rezoner) that identifies and mitigates inadequacies of the
Lagrangian grid. In Figs. 1 and 2, we show examples of pairs of a Lagrangian grid (solid
lines) and a rezoned grid (dashed lines). The rezoned grids were generated using the
optimization-based reference Jacobian strategy described in [12]. The rezoned grid pro-
duced by this algorithm remains “close” to Lagrangian grid, but has better geometrical
quality. Fig. 2 illustrates how complicated the relative locations of the two grids can be
even when displacements of the nodes are small.

After rezoning, the old mesh {z;} is mapped into a new mesh {Z;}. We define a set
Z(z;) =gz, such that

£ C Z(z). (2.1)

For any two grids, such a set exists because Z; € U;{"j; z. However we will always consider
the minimal set for which (2.1) holds. For the rezoning method described in [12]

Z (Zi) :ZiUZ(Zi),‘ (2-2)
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bors, see, for example, Fig. 2b).
The volume of cell z; is denoted by

V(z)= / dv,
Zi
In the following text, all physical quantities (e.g. the density p or the mass m) remapped

onto the new grid will have the tilde accent (e.g. p) whereas values on the old (Lagran-
gian) grid will have no accent.

2.2 Statement of the Remapping Problem

Remapping of Mass-Density. We assume that there is a positive function p(r) >0, r=
(x,y,z), which we call density, that is defined throughout the problem domain. The only
information that we are given about this function is its mean value in each of the cells of
the old grid:

pi=—"———, (2.3)
where V(z;) is the volume of cell C;. The numerator of (2.3) is the cell mass:
mi:= / p(r)dV,
. Zi

and so the density is

The total problem mass is

Imax Imax Imax

M::/ p(r)dv=3) [ p(r)dV =) mi=) oiV(z).
0 =17z i=1 i=1
The task is to find accurate approximations 7; for the masses of the new cells
1i1; A2 m At :/ p(r)dV. (2.4)
Zj

For high-order remapping we typically require linearity preservation, which means that
if p(r) is a linear function of r on the whole computational domain () then the linearity
preserving remapping produces remapped masses (and densities below) which are exact,

ie. mtl =meact,



First constraint is that the new cell masses must satisfy the global conservation of the
total mass:

imax
Y =M. (2.5)
i=1

The approximate mean values of density in the new cells are then defined by

31

~ 1
= . 2.6
Second requirement follows from assumption that we are using continuous rezone
strategy and therefore new cell Z; is contained in the union of the old cell z; and its imme-
diate neighbors which share with it face, edge or node, that is,

ZZ'EZ(ZZ'):ZZ'UZ(ZZ'). (2.7)

This assumption leads to natural requirement that the value of the remapped density,
pi, has to be in the following bounds:

max

oI < i < P, o = min (p;), PP =max(p;). (2.8

Z2(z)

Using (2.6), the requirement (2.8) for remapped density can be also expressed in terms
of masses . .
mMN =iy (z) < g < pRNV(E) =mieX, (2.9)

1

Remapping of Momentum-Velocity. We assume that there is a vector function u(r),
r=(x,y,z), which we call velocity, that is defined throughout the problem domain. The
only information that we are given about this function is its mean value in each of the
cells of the old grid:

J.updV

m;

(2.10)

l’ pu—
The numerator of (2.10) is the cell momentum
M= / updV.
Zi

The total problem momentum is

imaX imaX imaX
M::/ updV:Z/updV:Zyi:Zuimi.
0 i=17% i=1 i=1
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The problem statement is to find accurate approximations ji; for the momentum of
the new cells

firp = /Z.“Pdv-

First constraint is that the new cell momentum must satisfy the global conservation of
the total momentum:

Zﬁi:M. (2.11)

The approximate mean values of velocity in the new cells are defined by

=

;= (2.12)

m;
Itis clear that remapped velocity depends both on remapped momentum and on remapped
mass.

Similarly to density there are natural bounds for velocity:

min ~ max min _ s
u" <a; <u™, u™" =min (u;), u

; M —=max (u;), (2.13)
Z(zi) ()

l Z(zi)
where maximum resp. minimum are taken component by component and vector in-
equality is defined below. To simplify the notation we use the inequality relations op-

erators >, >, < and < applied to vectors. Having two vectors A = (Ax,Ay,AZ) and
B = (By,By,B;), we define

A<B<:>(vge{x,y,z}, A§<1Bg], for <e{>>,<<} (2.14)

The constraint (2.13) can be written (using (2.12)) in equivalent form for momentum pu

P AP @2.15)

i

or for each its component

) o), = (1), = ) (), e

where { € {x,y,z}.

The main topic of this paper is how to find accurate, bounded approximations for
the densities (masses) and the velocities (momentum) on the new mesh, such that total
mass and momentum are conserved. This task is usually referred to as bounds-preserving
remapping, or alternately, as bounds-preserving conservative interpolation.

As for mass-density high-order remapping we require linearity preservation (see ex-
planation below (2.4)) also for high-order momentum remapping. Another property
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worth to consider for density and momentum remapping is the DeBar consistency condi-
tion [3,5]. The remapping satisfies the the DeBar condition if for constant velocity field (in
the whole domain ()) and arbitrary density the remapping reproduces the constant ve-
locity field exactly. For example it can be easily proven, that if the mass and momentum
fluxes (see below) are related by Fﬁf = F/xu;}, where u, is a reasonable approximation of
velocity on face (i,k), then remapping satisfies the DeBar condition. We however do not
use this form of momentum fluxes.

2.3 Flux Form. High-order and Low-order Fluxes.

Because we are using continuous rezone strategy we can represent values of the mass
and momentum on the new mesh in flux form (see, for example, [23]):

mi=mi+ Y Fl}, pi=pi+ ), Fy, (2.17)
keZ(z) keZ(z;)
where
Fit=—F", F?fk = _F;{‘,l. (2.18)

are mass and momentum fluxes. In general, these fluxes are supposed to approximate
following exact fluxes:

" dV—/ av, ! z/ u dV—/ updV | 2.19
ik -/Z,ﬂzkp -Z,‘ﬂfkp ik ZiNzxk p Jzi(Zk p ( )

For derivation of formulas (2.19) interested reader can refer for example to [23]. These
formulas take into account the exchange of mass and momentum between cells which
share the vertex.

In more traditional methods (see, for example, [23]), one uses simplified version of
(2.17), where the exchange of mass and momentum is allowed only between cells that
share an face (edge in 2D):

mi=mi+ ), Fl, fi=pt ), . (2.20)

5ik€S(zi) 5ik€S(zi)

In this case fluxes correspond to integrals over so-called swept regions [13,23].
For purposes of this paper it does not matter what set of fluxes is used and therefore
we will just simply write

iij=mi+Y Fl}, pi=pi+)_F. (2.21)
k k

Conservation of mass and momentum is guaranteed if we use flux form (2.21) and
assume that fluxes satisfy (2.18).
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Accuracy of remapping depends on how accurate are the fluxes. Let us denote fluxes
which produce high-order accuracy by F"H F#!, and fluxes which produce low-order
accuracy by F"™E FiL,

One of the standard ways to obtain intercell fluxes is to first do some reconstruction of
functions p and pu on the old mesh from their mean values and then use some approx-
imation of exact fluxes (2.19) or similar integrals over the swept regions. For example,
low-order fluxes can correspond to piecewise constant reconstruction, and high-order
fluxes can correspond to piecewise linear reconstruction [13,23].

2.4 Constraints for Fluxes.

Having the flux form for remapped mass and momentum we can write constraints re-
lated to bounds preservation for density and velocity as follows:

1 — 1

mMt < omi+Y R < om, (2.22)
k

o (mDr) € iR < o (megm) e
k k k

(From the formal point of view it is a global system of linear inequalities with respect
to mass and momentum fluxes. It is important to note that inequalities (2.23), which are
coming from bounds for velocity, contain both mass and momentum fluxes.

Usually the low-order fluxes are constructed so that inequalities (2.22) and (2.23) are
satisfied, which ensures that the system of inequalities has at least one solution. We
assume in this paper that low-order fluxes satisfy the density and velocity bounds (2.22)
and (2.23).

Our goal is to construct fluxes which are as close as possible to high-order fluxes but
still satisfy the system of inequalities (2.22), (2.23).

Formally this problem can be formulated in different ways. For example, one can
formulate optimization problem as follows: find fluxes F}}, Ff.f . such that in some norm
these fluxes are as close as possible to high-order fluxes, that is,

min (Km||Fm—Fm’H||m+Ky||F”—F”'H||y>, (2.24)
where x; are some weights, and fluxes satisfy linear constraints (2.22)-(2.23). That is, we

can formulate our problem as a global minimization problem with linear constraints. The
minimization problem is treated in detail in Section 4.3.

3 FCR for Mass-Density

In this section we describe flux-corrected remapping (FCR) for mass-density. In general
it follows the standard FCT derivation (see, for example, [14]) with some specifics related
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to remapping. It is not new, however it is instructional and serves as preparation for
dealing with the system including density and momentum in the following section.

If we need to remap only mass-density then the goal is to find mass fluxes, F}, such
that linear constraints (2.22) are satisfied and these fluxes are as close as possible to high-
order fluxes:

min||F" — F™H||,,. (3.1)
An example of possible norm in (3.1) is the L; norm

m__ Pm,H
/ 7

]

m

where the sum is taken over all faces (7,k) in the grid.

Goal of the FCR is to replace global minimization problem (3.1), (2.22) by a series of
local problems. As we have already mentioned, by doing this we do not solve global
optimization problem, but still are able to find fluxes which are more accurate than the
low-order fluxes, and which guarantee the preservation of bounds.

First we assume that mass flux is a combination of the low-order and high-order flux:

= Fvl oy CodFy, dF)L = —dF" = (PmH—FmL), (3.2)

i,
where
0< Ci”}( = CZfi <1

is some coefficient to be defined, such that if it is equal to zero we recover low-order flux
and if it is one we recover high-order flux. dF[} are called antidiffusive fluxes. Our goal
is to find C; such that resulting fluxes guarantee bounds preservation and are as close as
possible to hlgh—order fluxes in some sense.

In FCT methodology this problem is replaced by series of simple problems for each
face. Such replacement does not give the optimal solution, but bounds are satisfied and
flux may be more accurate than low-order flux.

Using (3.2), we can rewrite equation (2.21) for new mass as

m;=mmk+Y CltdF", +ZF’”L. (3.3)
k

Then constraints (2.9), resp. (2.22), can be written as

mMt—mp <Y CIAE, < omP -y, (34)
k
By assumption the low-order fluxes satisfy the bounds m™"— it <0 < m™> —mk and
therefore constraints (3.4) always can be satisfied by Choosmg all C . equal to Zero. These
differences are usually denoted by

Q:ﬁ,max — mmax ~iL 2 0, Q;n,mm — mfmn ﬁ;l S 0
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Let us now consider the right-hand inequality in (3.4)

Y ClLdF]} < Q™. (3.5)
k

The sum on the left-hand side of (3.5) can be subdivided into two sums depending on the
sign of dF/} and estimated by the first sum, since the second sum is negative:

ZCZ}(d k= 2 CiidFi+ Z CilidF < 2 CikdF (3.6)
k dFi’/’}(>O dFi’/’}(<O dFl.’r';{>0
So if
Y ChdER <QIm (3.7)
dFI?,';(>0

is satisfied then (3.5) is satisfied too.
Let us define

pl.mf+;: Z dF} >0 (3.8)
dF!" >0

and first check the special case when le,+ =0. In this case both sums in (3.8) and (3.7)
are empty since for all faces (i,k) of cell i the anti-diffusive fluxes dF/; are non-positive
dF} <0 and the inequality (3.5) is satisfied because C}}; >0, dF/; <0 and Q™M™ >0.

Now we can assume that le,+ > 0 and rewrite (3.7) as

Y ClidF <D/ *PM"*, (3.9)
dFI?,';(>O
where
S+ ,max ,+
DIV = QI pi T (3.10)

Substituting definitions of P/ into (3.9) and moving D! inside the sum defining P!""
we get

Y ClidFf< Y DI“aFf, (3.11)
dFi’,'fPO dFi’,'fPO
which is clearly satisfied if
n<D!* for dF;>0. (3.12)

This is the final constraint on CJ for face (i,k) coming from the upper density-mass
bound in cell i.
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For the left inequality in (3.4) we can use similar derivation to obtain the expression
for D"~
1

Dm B Q;” mm/Pm -, (3.13)
where
—— 2 d ;j;(go, (3.14)
dF/L<0

and the final constraint on C; coming from the density-mass lower bound
<D~ for dF]}<O. (3.15)

Note that this constraint is activated only when dF/; <0 in which case P!~ <0 so that
(3.13) makes sense. If dF/} >0 then this constraint is not activated.

So being on face (i, k) we look at the sign of dF and activate either constraint (3.12)
or (3.15) coming either from the upper or lower den51ty—mass bound in cell i. To recall
completely if dF} >0 then we require CJ4 <D!"" and if dF}}, <0 then we require C/} <D}"~
(if dF}} =0 then the bounds in cell i do not require any constraint on C}}). However bemg
on face (i,k) we have to incorporate also the constraints coming from the bounds in the
second cell k sharing this face.

Clearly if dF/} >0, then dF"; = —dF} <0 and the corresponding coefficient C}'} = C};
has to satisfy two inequalities

7

KD, h<Dp
and we can choose any C}} < C?fk’p , where C/} has the upper bound
Cyf =min (D", D}~ 1) for dF}>0, (3.16)
and similarly
Cy =min (D}"~,D}"",1) if dF[} <0. (3.17)

For completeness, we can formally set C; =1 if dF* =0, but in this case the final product
will be zero anyway. Now if we want to satisfy only density-mass bounds we choose
Cl=Cix 7 to be as close as possible to the high-order approximation (for which Cli=D.

In summary, for each face (i,k) we have found coefficients C/k in formulas (3.2) such
that constraints (2.22) are satisfied, and resulting mass fluxes are in general more accurate
than the low-order fluxes.

The logic of derivation of formulas (3.16), (3.17) will be used in next section, where
we will consider simultaneous remap of density-mass and velocity-momentum.
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4 FCR for Mass-Density and Momentum-Velocity in 1D

For simplicity of explanation we start with a 1D case when the momentum p and velocity
u are scalars. We will deal with the general case of vector velocities and momenta later.
We assume that similarly to mass flux the momentum flux is a combination of the low-
order and high-order flux:

1,

WL |~ aph B w_ (prH_prl
Fl\ =F" 1l dFl,, aFl = —arl,= (Fi = EL). (4.1)
Then constraints (2.23) can be rewritten as

ui“i“mf—kuﬁnmzci’f}{d Tk +ZC” dF” < uﬁna’(mf—kuﬁnaXZCﬁd ke (42)
k k

where ﬁiL is defined similarly to ThlL in (3.3):
= —|—ZF L.

It is clear that constraints (4.2) form a coupled system of linear inequalities with respect to

coefficients CZ}{, C ly . (all other quantities are known numbers). Remember that this system

has to be solved together with inequalities (3.4) arising from mass-density constraints.
Let us consider the right-hand inequality in (4.2)

ap+Y ChdFl < ul™mp+ul™y ClidF; (4.3)
k k

and move terms with C’s to left-hand side and other terms to right—hand side:

LChar - DCary < k-t o
k

Because we assume that the low-order fluxes satisfy the bounds, the expression u™@mt—
fit >0 on the right-hand side is non-negative for any cell 7, and if all C’s are zero, then
the inequality (4.4) is satisfied (similarly the left inequality of (4.2) is also satisfied), that
is there is at least one solution for (4.4). Our goal is to find another solution (if it exists)

where C’s are closer to one.

4.1 The Method by Schir and Smolarkiewicz

There are several possible approaches to deal with system (4.4). For example, in [25]
(paper which in some sense inspired our work) authors do the following. They analyze
inequality (4.4) for cell i depending on the sign of u["®*. Let us assume that #"®>0. Then
we can estimate the left-hand side of (4.4) from above as follows

13 13 max m m 13 " max m m
Zci,de ik Wi Zci,kd S ) CrdFy o —u; ) CixdE)y, (4.5)
k k d Flf‘k >0 dF} <0
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where we have removed from the left-hand side of (4.5) all terms which are negative or
zero (Cf}. >0, CV >0, "™ >0). Now if we find C}} and Cffk such that

Y, CldFl —ul™ Y CIdFR <Q"™™, (4.6)
dF/, >0 dF<0
where
QIm™= ymaxpl — gk >0, (4.7)
then (4.4) is satisfied for these C}}; and Cff P
We define
PO = Y A~y Y dF >0, (4.8)
dpifl‘k>0 dFIT/',‘(<O
p* 0 s zero if and only if both sums are empty. Then also both sums on the left-

hand side of (4.6) are empty, the left-hand side is zero and (4.6) is satisfied trivially as
Qy,max >0
S >0.

Assuming Pf"”max>0’+ >0, we rewrite (4.6) as
Y ClLAFl, —um™ Y CRAF < DI prtt 0t (49)
dF!} >0 dFj;<0
where
Dflumax>ol+ _ grmx, Pl.”’”max>0’+. (4.10)

umxX>0,+

0,+

Substituting definitions of Pi” A0 into (4.9) and moving Df ’ inside the two

sums, we get

Um0 4 UM >0 4
) Cf"kdl-"fk uf™ Y ClidF)} < Z D" dl—"fk uh > Y- D” dF},

l

dF/, >0 dF}<0 dF, >0 dF}<0
(4.11)
which is clearly satisfied if
cl <D™ for dFl >0, (4.12)
< DI for dFM <o (4.13)

Note that D! 0T s the upper bound for CV for face (i,k) such that dFV >0 and for

Cl such that dF[} <0, assuming 1" > 0. In general it may be dlfferent sets of faces
whlch are actually involved by a nonzero contribution. Other C’s are only required to be
positive with respect to constraint (4.4).
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Similar formulas can be obtained assuming that u{"®* <0 (or u{"**=0) and for the left
inequality in (4.2) depending on the assumption of the sign of ufnm Clearly final values
of the C!' i o Cix will depend on active constraints from both cells sharing face (7,k). As all
the constructed active constraints have the form of the upper bound on C}}; or C” and all
constraints have to hold simultaneously, the resulting set of admissible Values of Cikand
Cff . in the (CZ}{,CZ{[ ) plane will be a rectangle (see examples in Fig. 5).

We refer the interested reader to the original paper [25] for details of their method
which is there developed also in 2D (our presentation here can be extended also to multi-
ple dimensions). In this paper we will use this method as a baseline for comparison with
the new method which we describe next.

4.2 Synchronized FCR (SFCR) in 1D

We first consider the right-hand side constraint of (4.2) written as (4.4), i.e. the constraint
containing the upper bound for velocity u™?*. Let us denote the left-hand side of (4.4) by
S and group the terms on the left-hand side by faces.

Sly,max _Z(CV dl:P‘ _umaxc d ) < umax - ‘ul ) (4'14)
k
In general, the terms in the sum corresponding to the particular face (i,k) in (4.14) can be
positive or negative.
We define the “limited” contribution to the sum S*™* from face (i k) appearing in
(4.14)

o = ClLdF] —ul*ClLdF]] (4.15)

and the “unlimited” contribution

phpmax . gk

ix e ud Tk (4.16)

Both <I>l M and ‘I’Z M are related to cell i denoted by the superscript i coming from ve-
locity umax and to face (i,k) denoted by subscripts (i,k) and coming from the antidiffusive
fluxes dFZ”}( and dF/,.

To follow the loglc of the FCR derivation for density-mass in Section 3, we split the
sum SZH N (4.14) according to the signs of the “unlimited” contributions ‘I’zf M (4.16)
and rewrite (4.14) as

S;t,maxﬁr + Sy ,max,— S le't,maxl (417)
where QZH max u?‘ax yl >0 was defined in (4.7) and
Sly,maxﬁr — Z CI)Z U, max, Sft,max,f - 2 CI)Z U, max. (418)

l},igmax>0 \Y”{Lmaxgo
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Now if we find CZ}{ and Cff . 50 that

simeeT <, (4.19a)
Sz',t,max,—s— < Qly,max, (4.19b)
then (4.17) holds.
Let us first look at the inequality (4.19a)
Sly,max,f _ 2 CI)Z M, max < (420)
T;/Z maxgo

Clearly it is satisfied if we require that

U = Cl dFl, — UM CAFE <0 for ¥ <0, (4.21)

So on faces where the unlimited contribution ‘Fi,ﬁ’ "M% is non-positive we require that the

limited contribution ‘I’Z’V "M% is also non-positive, which gives some of the conditions
which have to be satlsfled by C} and C . The inequality (4.21) is not equivalent to (4.20),
it is only a sufficient condltlon for (4. 20) i.e. (4.21) implies (4.20). The inequality (4.21)
is the local constraint on the face (i,k) which is obtained from maximum bound condi-

l max
tion in cell 7 in case of ‘P ”

(4.21) are CZ}{ and Ciy » all other quantities including dFl” r dFl”i, umax ‘I’z ]P{‘ M are known
numbers at this stage.
Before dealing with the second inequality (4.19b) we define

pmax,+ i y max -
P! =), Y>>

¥

<0. Note that the only unknowns in the linear inequality

pim " is zero if and only if the sum is empty, which means that ¥/ <0 for all faces

(i,k) of celli. So if /"™ T =0 then also Sivme T =0 as the sum wh1ch defines itin (4.18) is
also empty. As Q"™ >0 (the low-order remapping satisfies the bounds), the inequality
(4.19Db) is satisfied in this case, and for all faces (i,k) of cell i the constraints (4.21) (which
are the only constraints coming from the maximum bound in cell i) on C}} and Cipf . will
be activated.

1ymax

Assuming P/""% *>0, the second inequality (4.19b) is rewritten as
Sy,max,-ﬁ- < D]./t,max,—Q—P.y,max,-i- (4 22)
i — i i 4 :
where and D! M s given by

Diy,max,—i- _ Qly,max / Piy,maxri-' (4.23)
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Substituting definitions of S/ M and P! M into (4.22) we get

Z q)z:,];{t,max < th,max,—&— Z \Fi,y,max, (424)

ik
>0 yhamax

i,u,max
k4 ik

ik
which is clearly satisfied if

UM L DI fop @M, (4.25)
The inequality (4.25) is not equivalent to (4.22), it is only a sufficient condition for (4.22),
i.e. (4.25) implies (4.22). The inequality (4.25) is the local constraint on face (i,k) which is
obtained from maximum bound condition in cell i in case of ‘I’;’,P:’max > 0. The condition
(4.25) rewritten in the form

Qy,max ) )
rlmax ST for ¥TT>0 (4.26)

1

" M max ~m m
CipdF  —u™ ClidF <

gives us the constraint on C}} and Cl.” . on faces (i,k) where the contribution ‘I’;’f’max is

positive. Again the only unknowns in the linear inequality (4.26) are C}} and Cl, all

other quantities including dFZ‘ o dFl.’fi, upmax, ‘I’Zf’max, QZH max Pl.” M are known numbers
at this stage.

To summarize, we derived the linear inequalities ((4.21) or (4.26) depending on the
sign of ‘I’z 1) for C/y and Cf" . on the particular face (i,k) which are sufficient for satisfy-
ing the maximum bound in velocity (the right inequality of (4.2)) in cell i. In the following
we are going to derive in the same manner the constraints which will be sufficient for sat-
isftying the minimum bound in velocity.

The process for the constraint with the lower velocity bound u™™, i.e. the left inequal-
ity of (4.2) resp.(2.23), is a full analogy of the above process for the upper velocity bound:
Let us move the terms with C’s to the left-hand side and other terms to the right-hand

side and further denote the left-hand side by SZH ’min:
1

s;"mi“;:z(c;fkdpg‘k—u?in nd ”,1) > uig — i, (4.27)
k

where we have grouped terms on the left-hand side by faces. In general, the terms in the
sum corresponding to the particular face (i,k) in (4.27) can be positive or negative.

We define the ”“limited” contribution to the sum Sf‘ M from face (i,k) appearing in
(4.27)
S =l —uP"ClLdF] (428)

and the “unlimited” contribution

‘Ifj;;"mi“ = dF,—u™"dFl, (4.29)
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which actually corresponds to the “limited” contribution @i,ﬁ’ min (4.28) with C f’ =Cli=1L
Again we split the sum S/ M0 N (4.27) according to the signs of the “unlimited” con-
tributions ‘I’l A min (4.29) and rewrite (4.27) as

Sy,min,Jr + Sy,min,f > Q],t,min (4 30)
i i = i ’ :
where Q"™ =yMinpl — k<0 and
pmin,+ i ],t min umin,— i y min
S =), o5 S =), e (4.31)
FUmn >0 Yo <o

Now if we find CZ}{ and Cipf , 50 that

gimint >, (4.32a)
Sly,min,— > Qly,min, (4.32b)
then (4.30) holds.
Let us first look at the inequality (4.32a)
Sly,minﬁr _ 2 cI)z My mm > (4.33)
‘Y;j: manO

Clearly it is satisfied if we require that

QUM =l dF) —uMNCIdF >0 for W™ >0, (4.34)

This is the linear inequality in C}} and Cl, for the case ‘I’l Amin 0,
Before dealing with the second 1nequahty (4.32b) we defme

umin,— i y mln
P! =), Y <

¥ g

p p,min, —

1
faces (i,k) of cell i. So if P/"™" " =0 then also /"™~ =0 as the sum which defines it
in (4.31) is also empty. As Qf.l <0 (the low-order remapping satisfies the bounds) the
inequality (4.32b) is satisfied in this case and for all faces (i,k) of cell i the constraints
(4.34) (which are the only constraints coming from the minimum bound) on CZ}( and Cff ‘
will be activated.

Assuming P" min

is zero if and only if the sum is empty, which means that ‘I’ﬁ’,il’min >0 for all

<0, the second inequality (4.32b) is rewritten as

S ly,mln, — Z D iy,mm, — Piy,mlnr - , (435)



22

where D/ I given by
DZ]‘,t,min,f _ Q?t,min / Pipt,min,*' (4.36)

p,min, — p,min, —
and P;

Substituting definitions of S; into (4.35) we get

Z q)l L, min > Diy,min,— Z ‘Iﬂ L, mm, (4.37)

yimn <o yimn <o
which is clearly satisfied if

Q1T > DI T fop g <, (4.38)

The previous condition rewritten in the form

u,min
Qi ‘Yl L, min
wmin,— ~ ik

CldF —u™ ClidF} >

for ¥™N<0 (4.39)

l mln .
AT s

gives us the constraint on Cj} and C” on faces (i,k) where the contribution k&
negative. Again, the only unknowns in the linear inequality (4.39) are Cm and CZ o

To summarize we combine here the linear inequalities for C}} and CZ” . (on face (i,k))
sufficient for upper (4.21), (4.26) and lower (4.34), (4.39) Ve10c1ty bounds in cell i into one

formula for each bound:

M, max )
ClidF —ul™ CijdFjy - < Iﬁﬁnﬁmax(‘l’ﬁf'mxfol (4.40a)
p,min
Cl\ dFl, —uMnCl AR > & min (¥ 0) (4.40b)
ik ik Uu; — Py,min,f ik 1Y) .
i

This gives us on face (i,k) one inequality sufficient for maximum velocity bound and one
inequality sufficient for minimum bound in the cell i. To get the full set of constraints on
Ciand C ly , for the particular face (i,k), we need to apply both maximum and minimum
constraints also in the second cell k sharing face (k,i) (for which Cr;=C/and Clil, = C;f )
So on each face we will have the system of four linear inequalities for C}} and C ly  which
guarantee the preservation of Velocity bounds in both neighboring Cells

The additional inequality C} <C; 7, where the upper bound C;; k is given by (3.16)
and (3.17), is coming from the den51ty bound (3.4) and from the basic assumptions on C7}

and C r we have 0 <C/} and 0 < C” <1. So on face (i,k) the admissible set of Cilk and
ly ik 1s defmed by potent1a11y as many as eight linear inequalities in C} and Cf’  Thus

the admissible set is a convex polygon defined by intersection of elght half—planes in
( H k,Cf’ ) plane (each half-plane is defined by one inequality). We denote this set A;; and



23

clearly A; ;= Ay ;. Both density and velocity bounds are satisfied by remapping solution
obtained from any pair (C?},Cff ;) from the admissible set. As we know that low-order
remapping satisfies both bounds, we know that the point (CZ}{,C;[ ) = (0,0) belongs into
the admissible set A; ; and therefore the set is not empty.

4.3 Optimal Choice of C’s

In the previous section we have constructed for each face (i,k) the admissible set A, ; of
Cly and Cff . in the (Ci’f}(,Cff ;) plane. Any ( Z}(,Cf ) € Aj from the admissible set gives the
solution which satisfies the bounds in density and velocity. The admissible set A; is a
convex polygon which is a subset of (0,1) x (0,1) and contains the origin, i.e. (0,0) € A;.
Now we need to decide which pair (CZ}{,CE i) € Aj to use for remapping.

For the method by Schir and Smolarkiewicz described in Section 4.1 the admissible
set is a rectangle in the (CZ}(,CK ;) plane and their natural choice is the upper right corner
of the admissible set for which both C’s attain the maximum values on the admissible set.

Our original wish was to minimize the deviations of the new density § and velocity
il from their high-order approximations (denoted by superscript ) computed by high-
order fluxes, that is,

min (xp |50 lp x| =1 ), (4.41)

where the minimization goes over all ( Z}(,Cf’l ) € Aix on all faces (i,k) of the grid and
where x,, k,, are some suitable weights. Substituting the formulas for the new, remapped
0, 1 we see that this is a global minimization problem, for which we do not know how to
transform it into a local one. The FCT approach allowed us to make bounds local and we
want to choose the (C7}, Cf" i) € Aj also locally. So instead of global minimization (4.41)
we choose to minimize the sum of relative (w.r.t. the old values) deviations of the new
mass density p and momentum density 71 = pil from their high-order approximations

min (H p _pﬁ ! ) , (4.42)

and we are going to show that this global minimization (again over all (C%,Cl'\ ) € A;x

i—nt

0 n

on all faces (i,k) of the grid) can be bounded from above by local minimization problems
on all faces (i,k). The velocity and momentum density can be zero. To avoid division
by zero in the second norm in (4.42) we add below in (4.44) a small positive quantity
to the denominator to make it always positive. Since density is assumed to be positive
everywhere, similar problem does not appear for the first norm in (4.42).

Now we choose the L1 norm for both norms in (4.42) and we are minimizing

s cH|  (m _ sH
Eh:z(’pl pipl ’+|”l|n:|11 |>V(Zi)/ (4.43)
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which can be rewritten as

| i
ELl:Z( ool

The latest form of EX can be estimated by

L ZZ | ik 1k ik ik o
b= < " i N

i ik

1 1 1 1
= 1—-Ch)|dF" <— ) +(1-Cl)|dF], < ))
§<( ol Pi Pk ( i) 19 |1| |1k

where now the sum in the last expression runs over all faces (i,k) of the grid. The global
minimum of E! (4.43) over all (C! k’Ci,k) € A; on all faces (i,k) of the grid is estimated
from above by the sum of local minima on each face (i,k):

min (ELl) < min EiL]i,
. '3 7/
(ik),(CI.ClOEA ik (Ch.Cl)EAx

where the minimized local deviations E lL ]1 are given by

El= (= Clargl (5 -+ )+ O-COMF (it s ) G

|ni|+€ = |ng|+e

and the local minimizations are going over (C}}, Cff ) € A on each particular face (i,k).
As mentioned before, to avoid division by zero we added to |n| a suitable small quantity
€ (density is assumed to be positive). If the mesh has Ny faces then the original minimiza-
tion of (4.43) over all 2Ny parameters (C?},Cf i) € Aj is replaced by Ny local minimiza-
tions of (4.44) over 2 particular parameters (CZ”}(,C” ) € A; ;. defined for face (i,k).

The minimum of linear objective function E + (4.44) over the (convex polygonal) ad-
missible set A; is achieved on the boundary of the polygon A;. In the special case
case of non-unique minimum when the minimum of objective function is achieved on
one edge of polygon A, (i.e. when the constraint corresponding to this edge is parallel
to the isolines of the objective function E lL 1), we choose the pair of C} and C;f « which
corresponds to middle point of corresponding segment. In our examples we have not
experienced any problems due to this special case (it is rather rare), however in general
it can cause discontinuity in fluxes dependence on the data (remapped density and mo-
mentum and change of mesh).

If the non-uniqueness would pose a problem, one can change the norm in (4.42) from
L; to Ly norm, which would (by a similar procedure as above) lead to local minimizations
of quadratic objective functions E IL ¢ instead of linear ones (4.44) as done in [26].
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Note that as the admissible set is a polygon with less than nine vertices we do not use
any optimization routine and simply test the values of objective functions at all vertices
of the admissible set to find miminum. Before constructing the admissible set by half
planes intersections we test if the point (CZHIUCIM ) = (Cl";(p ,1) (where the bound C; kp is
given by (3.16) and (3.17)) satisfies all the constraints and if it does then this point is

clearly solution of our minimization problem.

5 Numerical Results in 1D

In this section we present several numerical tests showing the performance of our SFCR
remapping method in 1D scalar case. For low-order approximation we use donor fluxes
based on piecewise constant reconstruction on the old grid. For high-order approxima-
tion we use remapping fluxes based on piecewise linear reconstruction of the conserved
quantities p and n = pu on the old mesh, where the slopes of linear reconstruction inside
one cell are given by centered differences.

5.1 Demonstrative Simple Example

We start here with a very simple demonstrative example. Our computational domain
0 =10,8] is divided into 8 equidistant cells giving the initial mesh. The density and
velocity in the cells are given by discretization of functions

p(x)=x4+10 for 0<x<8, (5.1)

u(x) = x for 0<x<4
] —x for 4<x<8 "

The new mesh is obtained from the old one by moving all 7 internal nodes (at x=1,2,...,7)
to the left by dx= —0.2. The old original mesh and the new mesh to which we remap are
presented in Fig. 3, where for easier description five cells of interest are marked by letters
i,j, k1, m.

new grid
0O 08 18 28 38 48 58 6.8 8
| | | | | | | | |
I I I I I I I I I
0 1 2 3 4 5 6 7 8
i j k I m
old grid

Figure 3: Meshes for demonstrative 1D example: old mesh before remap and new mesh to which we remap.
Five cells are marked by i, j, k, I, m.

The resulting density and velocity remapped by low-order, high-order and SFCR
methods, together with original values on the old mesh and bounds for density and ve-
locity, are presented in Fig. 4. The bounds in density and velocity are depicted by gray
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rectangles in each old cell. Old cells are separated by black vertical lines and new cells
by red vertical lines. Density is linear and the old mesh is uniform, so all three methods
produce the same result for density and there are no problems with density bounds. The
high-order method however produces an overshoot (violates maximum velocity bound)
in cell k (being the interval [2.8,3.8] in the new mesh). Our SFCR method satisfies the
bounds and is closer to the high-order solution than the low-order method. On all inter-
faces (mesh nodes) except (j,k) and (k,I) the high-order fluxes satisfy all bounds, so that
at these interfaces we can use C" =C# =1. We look in more detail on the situation at (j,k)
and (k,I) interfaces of cell k, where the high-order method violates the upper bound.

DENSITY VELOCITY Detail of VELOCITY

4 — — = Original old

i .: a5 - N EREEEER Low-order
2 | 1 | ) do == High-order
=1 1 | SFCR
0 1 1 1 y 3 Bounds

25- - -1

-2

-4

-6

-8

Wk —— == - - ——

Nl oo o

Figure 4: Remapped density and velocity by low-order, high-order and our SFCR methods, together with original
values on the old mesh and bounds for density and velocity.

The admissible sets in (C™,C*) plane constructed by our SFCR and Schir and Smo-
larkiewicz [25] (further referred to as S&S) methods with our and S&S final C’s on (j, k)
interface at x ~3 and on (k,!) interface at x ~4 are shown in Fig. 5. S&S admissible
sets are rectangles while SFCR admissible sets are convex polygons. On the (j,k) in-
terface the S&S admissible set is the rectangle with lower left corner (0,0) and upper
right corner (1.0,0.4682), while the SFCR admissible set is the quadrilateral with ver-
tices (0,0), (1.0,0.2333), (1.0,0.6121), (0.0,0.3788), with solutions (1.0,0.4682) for S&S
and (1.0,0.6121) for SFCR method. On the (k,I) interface the S&S admissible set is the
rectangle with lower left corner (0,0) and upper right corner (0.4682,0.4682), while the
SFCR admissible set is the quadrilateral with vertices (0,0), (1.0,0.0933), (1.0,0.4574),
(0.0,0.5299), with solutions (0.4682,0.4682) for S&S and (1.0,0.4574) for SFCR method.
On both interfaces the SFCR admissible set is bigger than S&S admissible set in a sense,
that we can choose C’s closer to the high-order values C" =C# =1 (we have numerically
observed this property also for other problems, however we have no proof of this prop-
erty and we cannot claim that there is not a problem for which S&S method would give
better C’s closer to the high-order values C" =C#=1) . The intersection of S&S and SFCR
admissible sets is always non-empty as the point (0,0) belongs to both of them. On both
(j,k) and (k,1) interfaces both admissible set differences (AS%S — ASFCR and ASFCR . A5&5)
are non-empty, i.e. one is not a subset of the other, part of the S&S admissible set does
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Figure 5: Admissible sets in (C™,CH) plane by our SFCR and Schir and Smolarkiewicz (S&S) methods with our
and S&S final C's at (j,k) interface at x~3 and (k,I) interface at x~4. Different patterns denote SFCR, S&S
admissible sets and their intersections. The lines with small triangles describe half-planes coming from bounds

constraints, with lines labeled by constraints, i.e. the lines labeled k,u,max result from maximum bounds in the
cell k.

m
'

Ve

not belong into the SFCR admissible set and vice versa.

If we would include density and velocity results in the plots in Fig. 4, one would
not be able to distinguish them as they are close to SFCR results for this oversimplified
remapping problem. However we believe that Fig. 5 provides an insight into the question
how the SFCR and S&S methods differ. We repeat that SFCR and S&S methods provide
two different sufficient conditions on C’s under which the remapped values satisfy all
bounds.

5.2 Cyclic Remapping

To compare properties of the SFCR and S&S methods, let us now present the results of
two cyclic remapping tests from [22]. In both of them, we generate a sequence of meshes
on the domain [Xmin, Xmax), using the analytical function

X(é’,t) = Xmin 1 (xmax _xmin) C(C,t),
Gt =[1—a(t)]g+a(t)S’,

_ sin(4 7 t)
a(t)= 5
for 0<¢<1and 0<t<1. The mesh node positions {xi‘} are defined as
K K i—1 k .
e ; =x| —,— k=0,... . kmax, 1=1,...,N+1,
xl x(é’l/t) x( N /kmax>/ a 1 +

where N is the number of spatial cells and kmax the number of pseudo-time steps. Ex-
ample of such sequence of 1D meshes is shown in Fig. 6. Three different resolutions
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Mesh sequence for N=12 and k_ =8
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Figure 6: Sequence of 1D meshes for cyclic remapping tests with N =12 and kmax =8. Red dash-dot lines
highlight how node positions change from mesh to mesh.

DENSITY MOMENTUM VELOCITY
— — — Original old
-+ Low-order
X — High-order
K. | —— SFCR
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8

Figure 7: The final results of cyclic remapping for shock problem after 320 remaps on mesh with 64 cells by
low-order, high-order and SFCR approximations. The original old values are also the exact solution.

will be used, with both the number of cells and number of remaps increased by factor
of two with respect to the previous resolution. In particular, we use (N, kmax) = (64,320),
(128,640), (256,1280).

Shock. The first test is a simple shock with the profile

(x)= 4 for 0<x<0.5 (x) = 1 for 0<x<0.5
11 for 05<x<1’ 1 0 for 05<x<1

The result after 320 remaps on grid with 64 cells is shown in Fig. 7. We clearly see, that
while the solution obtained with low-order fluxes is too diffusive, the high-order fluxes
produce overshoots near the shock in density as well as in velocity. The SFCR solution
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follows the high-order profile on the shock, but correctly stays in bounds everywhere. At
the final pseudo-time t =1 the mesh is at its original position at ¢t =0, so the original old
values are exact solutions to the cyclic remapping problem.

In Fig. 8 we provide for comparison the final results of SFCR and S&S methods on
two resolutions, namely after 320 remaps on grid with 64 cells and after 1280 remaps on
grid with 256 cells. Both SFCR and S&S results stay in bounds. The shock profiles by
SFCR method are steeper than those obtained by S&S method and from the convergence
rate estimates in Table 1 we can see that SFCR method is more accurate. The original
S&S method [25] was designed for transport and did not require preservation of bounds
in density. For fair comparison we have modified it by requiring that C™ on each face
is bounded by the inequalities (3.16), (3.17) derived in Section 3 on flux-corrected remap
(FCR) for mass-density. Without the last requirement, the results by the original S&S
method do not satisfy the density bounds, they satisfy only velocity bounds, however
the final velocity profiles are almost the same as those presented in Fig. 8.

The relative L; errors and convergence rate estimates (ratio of error on current reso-
lution to error on the previous one) are presented in Table 1. Notice that SFCR is more
precise than both high-order and S&S methods.

CPU times for this convergence test are summarized in Table 2. SFCR method needs
about five times more CPU time than the high-order method. S&S method consumes
approximatelly three times more CPU time than the high-order method. Note however
that these CPU times were obtained by our experimental non-optimized implementation

DENSITY MOMENTUM VELOCITY
4 4 1 Original old
’“‘&X —6— FCT by S&S
35 —»— SFCR
35 0.8
3
3
25 06
25 2
0.4
P 15
. 0.2
15 05
1 0 0
0.4 0.45 05 0.55 0.6 0.4 0.45 05 0.55 0.6
MOMENTUM VELOCITY
Original old
—O— FCT by S&S
—»— SFCR

0.6

15 0.4

0.2

(b) 0.4 0.45 0.5 0.55 0.6 0.4 0.45 05 0.55 0.6 0.4 0.45 0.5 0.55 0.6

Figure 8: The final results of cyclic remapping for shock problem by SFCR and S&S methods: (a) after 320
remaps on grid with 64 cells, (b) after 1280 remaps on grid with 256 cells. The original old values are also the
exact solution.
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Method Resolution Ly error Err. prev./curr. resol.
N kmax 0 ‘ u 0 ‘ u
Low-order | 64 320 | 0.121 | 0.262
128 640 | 0.086 | 0.186 14 1.4
256 1280 || 0.061 | 0.131 1.4 1.4
High-order | 64 320 | 0.038 | 0.093
128 640 | 0.022 | 0.055 1.7 1.7
256 1280 || 0.013 | 0.033 1.7 1.7
SFCR 64 320 | 0.030 | 0.062
128 640 | 0.018 | 0.037 1.7 1.7
256 1280 || 0.011 | 0.022 1.7 1.7
S&S 64 320 | 0.035 | 0.078
128 640 | 0.023 | 0.049 1.5 1.6
256 1280 || 0.015 | 0.032 1.5 1.5

Table 1: Convergence tables in density and velocity for cyclic remapping of shock by low-order, high-order,
SFCR and S&S methods.

of these methods. They are presented here only to demonstrate differences in complexity

of the methods.

N kmax | Low-order | High-order | SFCR | S&S
64 320 0.001 0.001 0.010 | 0.006
128 640 0.005 0.006 0.038 | 0.025
256 1280 0.020 0.030 0.151 | 0.100

Table 2: CPU times in seconds (on a PC with AMD Opteron Processor 8384 running at 2.7 GHz) for cyclic
remapping of shock by low-order, high-order, SFCR and S&S methods.

Exponential Shock. The second test is the so-called exponential shock, with initial den-
sity and velocity profiles

with

3 t
xp—x0+§(510g<%>, n=

)=

for xp<x<15

1=y
u(x):{ Ot 6 for 0<x<xp

XF—X
5 7

Bopexp (X5520) (1425) % for 0<x<xf
poexp (*5)

, 2

for xp<x<15 (5-22)
(5.2b)

to=2, x0=6, po=1, o6=4, t=6.
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As seenin Fig. 9, after 640 remaps on 128 cells grid, the low-order fluxes almost removed

DENSITY MOMENTUM VELOCITY
08 — — — Original old
s I’| ‘‘‘‘‘ Low-order
/1 0.6 i High-order
/) —»— SFCR
6 /A
1 0.4
|
4 .
0.2
2
0
o =
0
-0.2
10 11 12 13 14 10 11 12 13 14 10 11 12 13 14

Figure 9: The final results of cyclic remapping for exponential shock problem after 640 remaps on grid with 128
cells by low-order, high-order and SFCR approximations. The original old values are also the exact solution.

the peak in density, while the high-order fluxes produced a dip in velocity at right from
the shock. Again, SFCR tracks the high-order solution and resolves the peaks reasonably,
but avoids the undershoots.

In Fig. 10 we provide for comparison the final results of SFCR and S&S methods after
640 remaps on grid with 128 cells. Both SFCR and S&S results stay in bounds. The SFCR
profiles are closer to the exact (old) solution than S&S profiles and from the convergence
rate estimates in Table 3 we can see that also for this problem the SFCR method is more
accurate.

The relative L, errors and convergence rate estimates are presented in Table 3.

DENSITY MOMENTUM VELOCITY
0.8

— Original old
—©— FCT by S&S
0.6 P —— SFCR

CEEPO0000)

0.4

0.2}

-0.2
10 11 12 13 14 10 11 12 13 14 10 11 12 13 14

Figure 10: The final results of cyclic remapping for exponential shock problem by SFCR and S&S methods:
after 640 remaps on grid with 128 cells. The original old values are also the exact solution.
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Method Resolution Ly error Err. prev./curr. resol.
N kmax 0 ‘ u 0 ‘ u
Low-order | 64 320 | 0.257 | 0.341
128 640 | 0.190 | 0.205 14 1.7
256 1280 || 0.163 | 0.128 1.2 1.6
High-order | 64 320 | 0.122 | 0.056
128 640 | 0.068 | 0.030 1.8 1.9
256 1280 || 0.046 | 0.018 1.5 1.7
SFCR 64 320 | 0.146 | 0.049
128 640 | 0.080 | 0.025 1.8 2.0
256 1280 || 0.050 | 0.014 1.6 1.7
S&S 64 320 | 0.213 | 0.083
128 640 | 0.134 | 0.039 1.6 21
256 1280 || 0.095 | 0.022 1.4 1.8

Table 3: Convergence tables in density and velocity for cyclic remapping of exponential shock by low-order,
high-order, SFCR and S&S methods.

6 FCR for Mass-Density and Momentum-Velocity in 2D

We are going to extend the SFCR method, developed in Section 4 for the scalar 1D case,
to general multidimensional case. Most of the formulas from the scalar case remain the

same, only we need to realize which quantities are vectors now. Clearly velocities uf"®,

min o gl guH e
u™", momenta p;, ,ul and momentum fluxes F. Pk Fl [ Fl [ dFi,k are vectors, so that e.g.

the Ve10C1ty bounds (2.23), resp. (4.2) are written as
ko CCRAR, < DLl Sl har™ D CRaR) (6)
k k
and the upper bound, i.e. left inequality of (6.1) with C’s moved to the left-hand side
(multidimensional analogy of (4.4)) is
Y CldF; — maXZc drfy < u™mp—jip. (6.2)
k

Here we need to recall that all vector inequalities have to be understood in component
by component sense as defined in (2.14).

6.1 Synchronized FCR (SFCR) in Multidimensions

Extending the method from Section 4.2 to deal with vector velocity and momentum is
quite straightforward. We apply the method for scalar velocity to each component of vec-
tor velocity and momentum, so that for each component we obtain two linear inequality
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constraints (4.40a), (4.40b) on C7} and Ciy . and the admissible set is the intersection of

all these constraints (half-planes) for all velocity components, together with C/} < c’
which is coming from density-mass bounds (3.16)-(3. 17) Thus again the admissible set
is a convex polygon containing at least one point ( Zk,C ) =(0,0).

Note that even when dealing with the vector Ve10C1ty, the variable C!' | x Temains scalar,
because during remapping we do not want to change the direction of Ve10c1ty and mo-
mentum.

The derivation of SFCR for vector velocity can be written also in compact vector nota-

tion, basically almost exactly as in Section 4.2 with vectors dF! ik u'x, SH Anax: <I>§’,P:’max,

‘I’l’f{l’max Sy maxt SV A QV max P” e D” e (and similarly for the minimum
bound). We are not going to repeat all this in the vector notation, we rather present only
the final results, being the vector form of the constraints (4.40a), (4.40b), in the compact

vector notation:

,max
I H umax Qi i,j,max
Ci,dei,k_ i C d S Wma)((‘lji,k ,0), (633)
i
p,min
Cl\ dF, —u™nCldF > Lmim(Ti’”’min 0) (6.3b)
ik" ik u; - Py,min,— ik [ :
i
where
Hmax max L ~L
Q; = W i~ 20,
Q™™ = wrink—jit <o,
i,u,max _ " max m
Tl,k — dFl,k _ul d Z,k 2
ipmin 14 min jrm
¥k = dF, —u™dFy,
Ply,max,-i- _ Z ‘I’ ,y,max 2 0
l ;4 max®0
Py,min,— _ Z T ,y,mln
! ‘I,z ,p,min
ik SY

and where the relation operators ), &) in the k ranges of sums defining P’s mean, that
the ¢ component of the sum (i.e. P;) includes only k for which corresponding component

(‘¥ k)¢ of given ¥ has given sign, so e.g. the {-component for P! M s

( P];t,max,—k ] _ Z (‘I,i:,l;{t,max ] >0.
’ ¢

T () 0

All the operators (i.e. division, multiplication, maximum and minimum) on the right-
hand side of inequalities (6.3a), (6.3b) are to be understood in a component-wise sense,
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so thate.g.

N @™, 1y
i i,j,max - I,{,max
[ P];t,max,-ﬁ- max (Ti,k ’ 0) ] ; - (Plp't,max,Jr ] max ( (Ti,k ] ¢ / O) ’
4

6.2 Optimal Choice of C’s in Multidimensions

The optimal choice of C’s in multidimensions proceeds in the same way as in 1D in Sec-
tion 4.3. The admissible set is again a convex polygon in the (CZ}(,CE ,) plane containing
the origin (0,0). The derivation would proceed in the same way as in 1D, only the mo-
mentum density n=pu and momentum fluxes are vectors and their absolute values have
to be replaced by norms of vectors, so that the final minimized local function (4.44) in
multidimensions is written as

1

1 1 1
EN=(1-Cn)|dF" (—+—>+ 1—-Cl,) | dF! < + > 6.4
ik ( l,k)| l,k| 0 ok ( z,k)H 1,k|| ||ni||+€ ||nk||+€ ( )

and we minimize this function on face (i,k) with (C",CI" ) from the admissible set. The

objective function EZ.L + is linear in C7} and CZ.” - the admissible set is convex and we take
the minimum in one vertex of the admissible set as in 1D.

6.3 Numerical Results in 2D

In this section we present several numerical tests of our SFCR method in 2D. Our current
implementation works with quadrilateral, logically rectangular meshes in 2D, however
the method presented above can be directly applied also to unstructured meshes and
to 3D. For low-order approximation we use donor fluxes based on piecewise constant
reconstruction on the old grid. For high-order approximation we use remapping fluxes
based on piecewise linear reconstruction of the conserved quantities p and n=pu on the
old grid, where the slopes of linear reconstruction inside one cell are obtained by least
square minimization of deviations of given linear reconstruction from mean values in
the neighboring cells.

6.3.1 Demonstrative Simple Example in 2D

Let us take a particular example, which is a generalization of the 1D demonstrative exam-
ple from Section 5.1. In the two-dimensional domain [0,8]x [0,8], we have a structured
quadrilateral mesh of 9x9 equidistant nodes with cell-centered values of density and
velocity given by the discretization of functions

(x,y) for 0<x<4

—x,y) for 4<x<8 (6.5)

p(x,y)=x+10 for 0<x<8§, u(x/y):{ (
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Figure 11: Demo example. Left: old mesh with highlighted cells of interest. Right: New mesh by solid line, old
mesh by dashed line.

We see that density and the y-component of velocity are given by a smooth linear func-
tion, while in the linear function defining the x-component of velocity there is a jump
across the line x =4. Then we move the mesh and remap the values. To make the exam-
ple simple, we only move the nodes in x-direction. In particular, we shift all mesh nodes
except those at the left and right boundaries by éx = —0.2, i.e. to the left as shown in
Fig. 11.

We focus here only on one row of cells with centers at y = 3.5, five of which are de-
noted by i, j, k, I, m in Fig. 11. The detailed derivation of all constraints on C’s (defining
the admissible sets) is presented in Appendix A, here we present only shortly the final
results. First as the density is linear there are no constraints on C” coming from density
bounds. As in the case of 1D demonstrative example, which is very close to this 2D exam-

u .
A C" CONSTRAINTS FOR INTERFACE (j k) A C" CONSTRAINTS FOR INTERFACE (k1)
I I
D O o ) e el Gl a-
| k, uy, min | I, uy, min
k, uy, ma; | I, uy, ma; |
5 |
o 022/0.7143 — k, ux, max 70.7143
©: 10.6121 | I
| 1 0.4574
1 I k, ux, max
0A3 » UX,
— ! j, X, max k0-61A ' !
I
1 0.2333 1'0.0933A _ k, ux, min
1 cm ! cm
I
¥ - — 17} -
: I, ux, max
'-03
| k, ux, min

Figure 12: Demo example in 2D (6.5). Constraints, admissible sets and final solutions for interfaces (j,k) (left
panel) and (k,I) (right panel).
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ple, only on two interfaces, namely (j,k) and (k,I) around the velocity discontinuity, the
velocity bounds impose constraints on C’s. On the other interfaces we use C"" =CH =1,
i.e. high-order method, which does not violate any bounds. The constraints affecting
the admissible sets together with the admissible sets and final solution for both (j,k) and
(k,1) interfaces are plotted in Fig. 12. Some constraints are satisfied but they are too far to
be shown in Fig 12.

Note, that if we would change the initial density and velocity to

(x,0) for 0<x<4

—x,0) for 4<x<8 (6.6)

p(x,y)=x+10 for 0<x<S§, u(x,y):{(

instead of (6.5), we would get exactly the 1D demonstrative example from Section 5.1,
only generalized to the 2D mesh.
6.3.2 Cyclic Remapping in 2D

To present results of our SFCR remapping in 2D we use the two different cyclic sequences
of meshes from [22] on the unit square domain [0,1] x [0,1].
The sequence of tensor product meshes is defined by

(&) =[1-a(t)]g+a (),

y(n,t) =1 —a(t)]y+a(t)y?, (6.7)
o) = sm(iﬂ t)

for0<¢<1,0<y<1and 0<t<1. The mesh node positions {xi‘]} are defined as

x= (@t y () ) = <x<i;11’knix>’y(j;’knix>>’

k=0,...,kmax, i=1,....N+1, j=1,...,N+1,

where N is the number of spatial cells in both directions and kmax the number of pseudo-
time steps.
The sequence of smooth non-orthogonal meshes is given by

x(&,m,t) =C+a(t)sin(27tg)sin(27y),

y(&,m,t) =n+a(t)sin(27¢)sin(27y), (6.8)
) — t/5 for 0<t<0.5

“()_{ (1-t)/5 for 05<t<1’

for0<¢ <1, 0<% <1and 0<t<1. The mesh node positions {xf]} are defined as

X;j= <X(Ciﬂ7jftk)/y(é'iﬂ7j/tk)) - <x<i;ll’j1_\ll’krfax)’y(j;’i;’krfax))'

k=0,...,kmax, i=1,....N+1, j=1,...,N+1.
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2D Shock. The first test is a simple shock on domain [0,1] x [0,1] with the profile

[ 2 for y>(x—04)/0.3
p(x'y)_{ 1 for y<(x—04)/03 ’

[ (2,-0.6) for y>(x—04)/0.3
“(x'y)_{ (1,—03) for y<(x—04)/03

The results for cyclic remapping of 2D shock on the sequence of tensor product meshes

Method Resolution L; error Err. prev./curr. resol.
N ko | o | w | w | o | wl|
Low-order | 64 320 || 0.0708 | 0.0762 | 0.0762
128 640 | 0.0503 | 0.0541 | 0.0541 1.41 1.41 1.41
256 1280 | 0.0356 | 0.0384 | 0.0384 1.41 1.41 1.41

High-order | 64 320 | 0.0222 | 0.0247 | 0.0247
128 640 | 0.0133 | 0.0148 | 0.0148 1.67 1.67 1.67
256 1280 || 0.0080 | 0.0088 | 0.0088 1.67 1.67 1.67
SFCR 64 320 || 0.0177 | 0.0189 | 0.0189
128 640 | 0.0106 | 0.0113 | 0.0113 1.68 1.68 1.68
256 1280 || 0.0063 | 0.0067 | 0.0067 1.68 1.68 1.68

Table 4: Cyclic remapping of 2D shock on the sequence of tensor product meshes: convergence tables in density
and velocity components for cyclic remapping by low-order, high-order and SFCR methods.
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Figure 13: Cyclic remapping of 2D shock on the sequence of tensor product meshes with N =64, kmax =320:
density by (a) low-order, (b) high-order, (c) SFCR method; 11 contours 1.0,1.1,...,1.9,2.0.

(6.7) are presented in Table 4 showing the relative L errors of the final solution by low-
order, high-order and SFCR methods at three mesh-pseudotime resolutions (N,kmax) =
(64,320), (128,640), (256,1280). The SFCR method is producing the smallest error while
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staying in bounds which is documented in Fig. 13 resp. Fig. 14 showing density resp.
y-component of the velocity at the lowest resolution. The high-order method produces
oscillations in both density and velocity on both sides of the shock and these oscillations
violate the local bounds (monotonicity) of the remapped function.
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Figure 14: Cyclic remapping of 2D shock on the sequence of tensor product meshes with N =64, kmax =320:
y-component of velocity by (a) low-order, (b) high-order, (c) SFCR method; 11 contours -0.6, -0.57,...,-0.33,-
0.3.

CPU times for cyclic remapping of 2D shock on the sequence of tensor product meshes
are summarized in Table 5. SFCR method needs about three times more CPU time than
the high-order method. Note however again that these CPU times were obtained by our
experimental non-optimized implementation of these methods. They are presented here
only to demonstrate differences in complexity of the methods.

N kmax | Low-order | High-order | SFCR

64 320 1.1 1.7 4.9
128 640 11 16 50
256 1280 117 170 498

Table 5: CPU times in seconds (on a PC with AMD Opteron Processor 8384 running at 2.7 GHz) for cyclic
remapping of 2D shock on the sequence of tensor product meshes by low-order, high-order and SFCR methods.

The results for cyclic remapping of 2D shock on the sequence of smooth non-orthogonal
meshes (6.8) are presented in Table 6 showing the relative L; errors of the final solution by
low-order, high-order and SFCR methods at three mesh-pseudotime resolutions. SFCR
method is producing the smallest error while staying in bounds which is documented in
Fig. 15 resp. Fig. 16 showing density resp. y-component of the velocity. The high-order
method produces oscillations in both density and velocity on both sides of the shock
and these oscillations violate the local bounds (monotonicity) of the remapped function.
Curved shape of isolines showing the oscillations for the high-order method in Fig. 15(b)
and Fig. 16(b) is caused by the fact that the central point of the meshes (x,y) = (0.5,0.5) is
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Method Resolution Ly error Err. prev./curr. resol.
N e | o | w | w | o | w|
Low-order | 64 320 | 0.0141 | 0.0152 | 0.0152
128 640 | 0.0101 | 0.0109 | 0.0109 1.39 1.39 1.39

256 1280 || 0.0072 | 0.0078 | 0.0078 1.4 1.40 1.40
High-order | 64 320 | 0.0086 | 0.0097 | 0.0097

128 640 | 0.0053 | 0.0059 | 0.0059 1.62 1.63 1.63

256 1280 || 0.0033 | 0.0036 | 0.0036 1.63 1.64 1.64
SFCR 64 320 | 0.0068 | 0.0073 | 0.0073

128 640 | 0.0042 | 0.0045 | 0.0045 1.61 1.62 1.62
256 1280 || 0.0026 | 0.0027 | 0.0027 1.63 1.64 1.64

Table 6: Cyclic remapping of 2D shock on the sequence of smooth non-orthogonal meshes: convergence tables
in density and velocity components for cyclic remapping by low-order, high-order and SFCR methods.
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Figure 15: Cyclic remapping of 2D shock on the sequence of smooth non-orthogonal meshes with N =64,
kmax =320: density by (a) low-order, (b) high-order, (c) SFCR method; 11 contours 1.0,1.1,...,1.9,2.0.

not moving during the mesh movement, see (6.8) with {=#=0.5.

Analog of 2D Sedov. The second test is defined by the functions centered at (xo,0) =
(0.5,0.5) on the domain [0,1] x [0,1]

p(x,y):{ 6(%)8 for r<ry /

1 for r>ry

[ 0.83(x—x0,y—yo) for r<ry
u(x,y)—{ (0,0) for r>rg ’

where r = /(x—x0)2+ (y—yo0)%, ro = 0.375, which is quite close to the scaled solution
of cylindrical 2D Sedov problem [9] (the case of cylindrical Sedov problem with initial
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Figure 16: Cyclic remapping of 2D shock on the sequence of smooth non-orthogonal meshes with N =64,
kmax =320: y-component of velocity by (a) low-order, (b) high-order, (c) SFCR method; 11 contours -0.6,
-0.57,...,-0.33,-0.3.

conditions: constant density pg =1, initial energy Eo = 0.311357, v =1.4 at time t =1).
The results for cyclic remapping of this 2D Sedov analog on the sequence of smooth

Method Resolution Ly error Err. prev./curr. resol.
N kmax Y ‘ Uy ‘ Uy Y ‘ Uy ‘ Uy
Low-order | 64 320 | 0.2870 | 0.4604 | 0.4604
128 640 || 0.2300 | 0.3247 | 0.3247 1.25 1.42 1.42

256 1280 || 0.1761 | 0.2257 | 0.2257 1.31 1.44 1.44
High-order | 64 320 || 0.1800 | 0.3899 | 0.3899
128 640 | 0.1143 | 0.1592 | 0.1592 1.57 2.45 2.45
256 1280 || 0.0705 | 0.0947 | 0.0947 1.62 1.68 1.68

SFCR 64 320 | 0.1684 | 0.2387 | 0.2386
128 640 | 0.1054 | 0.1114 | 0.1114 1.6 2.14 2.14
256 1280 || 0.0642 | 0.0623 | 0.0623 1.64 1.79 1.79

Table 7: Cyclic remapping of 2D Sedov analog on the sequence of smooth non-orthogonal meshes: convergence
tables in density and velocity components for cyclic remapping by low-order, high-order and SFCR methods.

non-orthogonal meshes (6.8) are presented in Table 7 showing the relative L; errors of
the final solution by low-order, high-order and SFCR methods at three mesh-pseudotime
resolutions. SFCR method is again producing the smallest error while staying in bounds
which is documented in Fig. 17 resp. Fig. 18 showing density resp. velocity at the lowest
resolution. In the density contour plot of high-order method in Fig. 17(b) one clearly sees
the density oscillations outside the circular shock. However note also the zero density
contour in the center of the contour plot which demonstrates that the density is getting
negative there for the high-order method while it should be very small, but still positive
as it is for the low-order and SFCR methods. The situation is getting even worse for
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Figure 17: Cyclic remapping of 2D Sedov analog on the sequence of smooth non-orthogonal meshes with N=64,
kmax =320: density by (a) low-order, (b) high-order, (c) SFCR method; 13 contours 0, 0.5, ..., 5.5 ,6.

velocity. As can be seen in Fig. 18(b), velocity from the high-order method around the
center point (xo,y0) = (0.5,0.5) has huge oscillations. The reason of these oscillations is
negative density in this region. When density is negative, then also masses of cells in
this region become negative and the negative masses are changing the direction of the
velocity vector (see the arrows in the lower plot in Fig. 18(b)) computed from remapped
momentum and mass (2.12). The changed direction of the velocity introduces oscillations
which are further amplified by the high-order method during following remaps. Note
however that this is a difficult problem as the density in the four central cells at the lowest
resolution is of the order 10712, the cell masses are even smaller and division by a small
number can cause big numerical errors.

7 Conclusions and Future Work

In this paper we have developed a new optimization-based synchronized flux-corrected
remapping of mass/density and momentum/velocity. This new method is intended to
be used in arbitrary Lagrangian-Eulerian methods. The main new results are deriving
local linear objective function and new sufficient conditions for bound preservation. We
have shown that in 1D our new method is superior in comparison with the method from
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Figure 18: Cyclic remapping of 2D Sedov analog on the sequence of smooth non-orthogonal meshes with N=64,
kmax =320: velocity by (a) low-order, (b) high-order, (c) SFCR method; 11 contours 0, 0.031, ...,0.31. The
upper row is showing the contour plots of the norm of velocity, the middle row the surface plot of the norm of
velocity and the lower row the directional arrows of the velocity.

[25]. On 1D and 2D examples we have demonstrated the performance of a new method.

There are several interesting problems which we are planning to investigate in future
paper(s). First of all, the results may depend on the choice of low-order and high-order
fluxes because it will affect the objective function. As it was mentioned in ( [14], p.224),
one can consider limiting different components of the velocity, thatis components related
to main direction of the flow. Also, as it is clear from results presented in [26], accuracy
of advection can strongly depend on the choice of bounds. In context of remapping this
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means that we need to take into account which old cells the new cell intersect. We also
plan to use iterative solution strategies [25], [14], where compatible fluxes obtained in
this paper will be used as low-order fluxes. Next, in ALE methods we also need to remap
internal energy. Internal energy is usually obtained as the difference of total and kinetic
energy (which is a quadratic function of the velocity). Bound preservation requirements
for internal energy will lead to quadratic constraints.
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A Detailed Description of Demonstrative 2D Example

A.1 Constraints From Density Bounds.

Let us focus on five cells denoted in Fig. 11 by indices i, j, k, I and m. The bounds for
density and mass are

| cell] @ | j | kK] 1 | m]

p™m |1 10.5 | 11.5 | 125 | 13.5 | 14,5
pm™ 1125 | 13.5 | 145 | 15,5 | 16.5 |
m™n 105 | 115 | 125 | 13.5 | 14.5
m™> |1 12,5 | 13.5 | 14.5 | 15.5 | 16.5

For simplicity, we moved the mesh nodes only in x-direction. Therefore there is no
mass or momentum flux across the logically horizontal faces and thus e.g. cell k only
exchanges mass and momentum with cells j and [, etc. For the interfaces between our
cells of interest we have the following low-order, high-order and antidiffusive fluxes:

‘ interf. a,b H i,j ‘ 7k ‘ k,1 ‘ I,m ‘
Frt=—prt 23 | 25 | 27 | 29
Fiif=—pH ) 238 | -2.58 | -2.78 | -2.98 |

ab T

dF),=—dF, || -0.08 | -0.08 | -0.08 | -0.08

Because the values of mL, Q™, P etc. for cells i and m depend also on fluxes from
cells left of i resp. right of m, we further show only values for cells j, k and I, which are
fully given by the fluxes shown in the table above. The formulas yield

| cell] j [ K[ ]

mo9 || 12.5 | 135 | 145 | cell [ j | k]| 1]
mk | 12.3] 133 | 14.3 QM /R~ |[ 10 | 10 | 10
Qm,min 0.8 0.8 0.8 Qm,maX/Rm,+ 15115 | 15
Qmmax |l 12 | 12 | 12 Cm— 11111
pn— | 0.08 | 0.08 | 0.08 cmot 11111
pmt || 0.08 | 0.08 | 0.08

and therefore at interface (j,k) as well as (k,I) the high-order mass flux does not need to
be corrected due to velocity constraints:

me _ ~mp _ mo _ ~mp _
Clf=cpf =1, Cif=Cf=1.

Note that the values C"* defined in (3.16), (3.17) are only density-imposed upper bounds
for final C"’s, which can be further decreased by the velocity constraints.
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A.2 Constraints From Velocity Bounds.

Now let us consider the lower and upper bounds for velocity:

[cell] i [ j | k | I [ m |
u™™ [[(05,25) [ (1.5,25) | (45,25) | (-55,25) | (-6.5,25) |
u™x || (2.5,45) | 35,4.5) | (3.5,45) | (3.5,45) | (-45,4.5)

The nonzero fluxes are

‘ interf. a,b H i, ‘ jk ‘ k,1 ‘ I,m ‘
FZ;bL = —Fg‘j (-3.45,-8.05) | (-6.25,-8.75) | (-9.45,-9.45) | (13.05,-10.15)
Fi'=—F, | (449,-8.33) | (7.45,-9.08) | (-559,-9.73) | (1835, -10.43)
dF,, =—dF, | (-1.04,-0.28) | (-1.20,-0.28) | (3.86,-0.28) | (5.30,-0.28)

where the high-order fluxes were computed by integration of piecewise linear approxi-
mation of momentum. (Because of the simple setup and initial condition we have, the

low-order momentum fluxes and all mass fluxes are exact so far.)

The “unlimited” terms in cells with respect to interfaces with their neighbors are

cell a i j k
neighb. b ] i k j [
¥ | (-1.00,-0.08) || (0.92, 0.08) | (-1.08,-0.08) || (1.56, 0.08) | (3.50,-0.08)
¥ || (084, 0.08) | (0.76,-0.08) | (092, 0.08) || (0.92,-0.08) | (4.14, 0.08)
cell a l m
neighb. b k m [
‘If;’;;m“ (-3.42, 0.08) | (4.86,-0.08) || (-4.78,0.08)
¥ | (414,-0.08) | (558, 0.08) || (-4.94,-0.08)
which gives for cells j, k and I:
| cell] j | k | l |
uod (31.25, 43.75) (47.25 , 47.25) (-65.25 , 50.75)
ut (28.45 , 43.05) (44.05 , 46.55) (-42.75 , 50.05)
Qimin (10.0, 12.3) (103.9 , 13.3) (35.9, 14.3)
Qimax (14.6,12.3) (2.5,13.3) (92.8,14.3)
prmin, — (1.08 , 0.08) (0,0.08) (3.42,0.08)
Promax,+ (0.76 , 0.08) (5.06 , 0.08) (5.58 ,0.08)
Dmin= (9 259  153.75) “00” ,166.25) | (10.497 , 178.75)
Drmax+ | (19.211 ,153.75) | (0.49407 , 166.25) | (16.631 ,178.75)

Now we must construct the constraints according to formulas (6.3a) and (6.3b). For in-
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terface (j,k), after insertion in the formulas
(CliaFl—urncrary; ) .2 (Of™7); min (2™ 0],
/max,+ :
( C]P,lde]Pfk _ u}naX C]njde]% ] c S (D;’l max, )g max ( (T;fkmax)g ) 0]
we have for the x-component of velocity
~120C}, +0.12C; > —10.0, —1.20C/, +028C; < 0
and for the y-component of velocity

K
—0.28Cl, +0.20C}, > —123, —0.28Cl, +0.36C}, < 123.

Looking at the interface from cell k, i.e. switching k and i in the formulas and using the

fact that G, = C} and cy i=C ]V » we get for the x-component of velocity

1.20C/, +0.36Cf, > 0, 1.20C}, —028Cj) < 045454
and for the y-component of velocity
0.28Cj, —020Cf; > 0, 0.28C;, —036Cj} < 0.
For interface (k,I), looking from cell k, we have for the x-component of velocity
3.86C;, —036C; > 0, 3.86C;,+0.28C}y < 2.04545
and for the y-component of velocity
—0.28C;,+0.20Cy > —133, —0.28C;,+0.36C}y < 133,

while looking from cell / and using C}} = C}’; and CIP,’ = CE, ;» we get for the x-component
of velocity

~3.86C)/, +044C}y > 359, ~386C)',—028C}; < 0
and for the y-component of velocity

0.28C,—0.20C), > 0, 0.28C;,—036C, < 0.
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A.3 Complete Set of Constraints.

For interface (j,k) we have the constraints
0<Cy<1, ogc}fkg (A.1)

(since density bounds imposed no constraints - recall that all C" =1) and further

Cjy < 0.1CJ; +8.3333, Cly = 02333C]), (A.2a)
c]{‘k > —0.3C}}, c]?fk <0.2333C/} +0.3788, (A.2b)
Cjy <0.7143CJ) +43.9286, Cjy > 1.2857CJ —43.9286, (A.2¢)
c}fk > 0.7143C7), c]?fk <1.2857CF, (A.2d)

interface of which is shown in the left part of Fig. 12. The maximizing pair is
_ _ B o__ K
Clt = Cli =0.7876, Cf ,=Cl, =0.5626.
For interface (k,I) we have the constraints
0<Cy<1, 0<Cp, <1 (A.3)

(since density bounds imposed no constraints) and further

Ci; > 0.09326CJ, Ci; < —0.07254C}l} +0.5299, (A 4a)
Ci; < 0.1140C}} +9.3005, Cy; > —0.07254C}y, (A.4b)
Ci; < 0.7143C}) +47.5, Ci; > 1.2857C}y —47.5, (A.4c)
Cy, > 0.7143C}, Cp; <1.2857C}, (A.4d)

which are shown in the right portion of Fig. 12 and give the result

Let us remark, that constraints (A.2c) at left and (A.4c) at right are satisfied but are
not visible in the plots because they are too far from the origin (C",C*)=(0,0).



